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Abstract—In this paper, we propose novel reduced-complexity
fast Fourier transform (FFT)-spread faster-than-Nyquist (FTN)
signaling with optimal power allocation for a frequency-selective
fading channel. The information rate of the proposed FTN
signaling is approximately derived by relying on the circu-
lant approximation of the FTN-specific intersymbol interference
matrix and noise covariance matrix. This allows us to consti-
tute efficient calculations of precoding and weighting matrices.
The power allocation coefficients are optimized such that the
approximated information rate is maximized. Our simulation
results demonstrate that the proposed scheme achieves the bit
error ratio performance close to the conventional eigenvalue-
decomposition (EVD)-precoded FTN signaling counterpart that
is optimal in terms of an achievable information rate while
significantly reducing the computational complexity as low as
the order of O(N log N).

I. INTRODUCTION

Conventional wireless communication systems are designed
based on the Nyquist criterion, which defines a minimum
symbol interval by Tp = 1/(2W), where 2W represents
the bandwidth of an ideal rectangular shaping filter, and
the associated maximum symbol rate is 1/7j. The excess
bandwidth of 2W (14-3) is induced when employing a realistic
root raised cosine (RRC) shaping filter having a roll-off factor
B > 0. Hence, the achievable spectral efficiency of Nyquist
signaling based on an RRC shaping filter becomes (1 + 3)-
times lower than that of an idealistic rectangular shaping filter
(8 = 0). To overcome this limitation, the concept of faster-
than-Nyquist (FTN) signaling has been explored for more than
50 years [1-3]. In FTN signaling, a symbol interval is set
lower than that of Nyquist signaling, i.e., T" = 771, where
7 (0 < 7 < 1) represents a symbol packing ratio, hence
achieving a higher symbol rate than the Nyquist signaling
counterpart, which is, naturally, achieved at the cost of the
detrimental intersymbol interference (ISI) effects.

To efficiently demodulate ISI-contaminated FTN symbols,
several time-domain (TD) receivers have been developed [4—
7]. In [4], the TD trellis-based iterative decoding algorithm was
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first developed. In [5], the TD equalizer based on the Bahl,
Cocke, Jelinek, and Raviv (BCJR) algorithm was presented.
Also, Prlja et al. in [6] conceived the reduced-state M-
algorithm-based BCJR (M-BCJR) algorithm to further reduce
the decoding complexity. Moreover, in [7], the modified M-
BCJR algorithm was proposed for the sake of striking a
flexible balance between the detection performance and com-
plexity. However, the computational complexity of TD trellis-
based detectors significantly increases upon increasing the
effective tap length and the constellation size, which becomes
prohibitively high, especially in a realistic frequency-selective
fading channel.

By contrast, low-complexity frequency-domain (FD) FTN
receivers have been developed [8-10]. In [8], the single-
carrier FD equalization (FDE) algorithm with the aid of
cyclic prefix (CP) was first applied to FTN signaling, where
the FD weights were derived based on the minimum-mean-
square-error (MMSE) criterion. Owing to the efficient fast
Fourier transform (FFT)-based implementation, practical low-
complexity detection was achieved even in a highly dispersive
frequency-selective fading channel. Moreover, in [9], the hard-
decision MMSE-FDE algorithm in [8] was extended to its
soft-decision (SoD) counterpart to support iterative detection.
In [10], the low-complexity FDE algorithm, capable of joint
channel estimation and data detection, was presented for FTN
signaling in a frequency-selective fading channel.

Precoded FTN signaling relying on the matrix factorization
was proposed [11-14]. In [11], the capacity of FTN signaling
was derived based on the eigenvalue decomposition (EVD) of
an FTN-induced ISI matrix, showing that the capacity of EVD-
precoded FTN signaling without power allocation is identical
to that of unprecoded FTN signaling in [15]. Furthermore,
optimal power allocation was introduced to EVD-precoded
FTN signaling [12, 16], which achieves a higher capacity than
unprecoded FTN signaling and classic Nyquist signaling when
employing the RRC shaping filter having 5 > 0 for each
scheme [3, 14, 16]. Also, the capacity of EVD-precoded FTN
signaling with optimal power allocation is maximized when
7 =1/(1+ ), which achieves the spectral efficiency equal to
that of Nyquist signaling employing an idealistic rectangular
shaping filter (6 = 0) [3, 14, 16]. Note that optimal power allo-
cation of EVD-precoded FTN signaling [12] is implementable
without elaborate symbol truncation only for 1/(1+3) < 7 <



1 [3,14,16]. Furthermore, in [14], EVD-precoded FTN sig-
naling with optimal power allocation designed for an AWGN
channel [12] was extended to that supporting a frequency-
selective fading channel, and the associated information rate
was derived. However, the computational complexity of the
EVD-precoded FTN signaling scheme [14] is as prohibitively
high as O(N?) per block transmission.

The novel contribution of this paper is that we propose novel
reduced-complexity FFT-spread FTN signaling with optimal
power allocation for a frequency-selective fading channel.
Owing to the low-complexity FFT-based implementation, the
computational complexity order of the proposed FTN trans-
mitter and receiver is as low as O(N log, N) per block. More
specifically, the ISI matrix and the correlated noise covariance
matrix, which are specific to received FTN signals, are approx-
imated by circulant matrices. This allows us to decompose the
received FTN signal into N independent parallel substreams
with the aid of FFT-based factorization, hence enabling sim-
plified symbol-by-symbol demodulation. In our simulations, it
is demonstrated that the proposed scheme achieves the BER
performance close to that of the conventional EVD-precoded
FTN signaling counterpart [14], which is highly complex but
optimal in terms of an information rate.

II. PROPOSED REDUCED-COMPLEXITY FFT-SPREAD FTN
SIGNALING WITH OPTIMAL POWER ALLOCATION

In this section, we propose novel reduced-complexity FFT-
spread FTN signaling with optimal power allocation for a
frequency-selective fading channel. The block diagram of the
proposed FTN system is shown in Fig. 1. At the transmitter,
information bits are modulated onto N-length complex-valued
symbols s = [sg, -+ ,sny-1]7 € CV, where E[|s;x]?] =
02 (k=0,---,N —1), and E[] is the expectation operation.
Similar to conventional FTN signaling of [8, 10], the 2v-length
CP symbols are added to the precoded symbols x as follows:

Xep = [Zcp,(), T axCp,N—O—QV—l] € chN+2v (D
 Agx @)
= ACPPS, 3)

where

Acp _ |: OQVX(N—QV)

1211 :| c R(N+2V)XN’ (4)
Iy

and 0y, (2, denotes the (2 x (N —2v))-sized zero matrix.
Furthermore, P € CV*¥ is a precoding matrix. The CP-added
FTN signal z,(t) is given by

Tep(t) = Z Tepnh(t —nT), &)

At the receiver, the received signal after matched-filtering
is represented by

L—-1
Uep(t) = 3 Iuzepng(t — (L+0)T) +0(t),  (©)

=0 n

By removing the 2v samples associated with CP from the
received sample block y = [yep(0), Yep(T), - -+, Yep (N +2v —
1)]7, the N-length received block are obtained as

r=[ro, - ,rn-1]" €CV (N
= [ycp(VT)7 T 7ycp((N +v— 1)T)]T ®)
= chGh,N+2uAch +n, (9)

where
Rep = [Onxy Iy Ony,] € RVXVH2Y) (10)

while Gy n 42, is the ((N +2v) x (N +2v))-sized ISI matrix
whose kth-row and mth column entry is given by

L—1
Gn(k,m) =Y hig(kT — (m +1)T). (11)
1=0
Furthermore, by assuming the condition of
g(kT)=0 for |k| > v, (12)
(9) is approximated by [8—10]
r~ Gex + 1, (13)

(CN><N

where the matrix G, € is the circulant matrix whose

EVD is given by

G.=Q"eqQ. (14)

Furthermore, Q € CN*¥ in (14) represents the normalized
discrete Fourier transform (DFT) matrix whose kth-row and
mth-column entry is given by (1/v/N)exp[—2mj(k—1)(m—
1)/N]. Additionally, ® = diag{6p,--- ,0ny_1} is a diagonal
matrix having the diagonal elements calculated by the FFT of
the first column of G, [8, 10].

A. Approximated Mutual Information

Mutual information between the received block r and the
transmit symbols x is formulated by

I(x;r) = he(r) — he(r|x)
= he(r) - he(ﬂ)’

where h,(-) represents a differential entropy. The upper bounds
of the differential entropies of r and n are given by [17]

he(r) < log, ((me)™ |E[rrH]|det)
he(n) < log, ((we)™ |E[nn™]|,.,) »

where |- |qet denotes the determinant operation. For an instan-
taneous fading channel, the covariance matrix of the received
block is approximately given by

15)
(16)

a7
(18)

E[rr”] ~ E[(Gex + 1) (Gex + ) 7] (19)
= GEXx"|G +E[nn"] (20)
= G.R,GH + NG, (21)

where we have R, = E[xx].
As shown in [18], for the limit of N — oo, a banded
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Fig. 1. System model of the proposed reduced-complexity FFT-spread FTN signaling scheme with optimal power allocation for a channel-uncoded scenario.

Toeplitz matrix T € CN*N ' whose first column and
first row are given by [to,t1, - ,tm,0,---,0]7 and
[to,t—1, " yt—m,0,---,0], respectively, is asymptotically
equivalent to a circulant matrix C € CM*¥, having the
first column of [to,t1, ,tm, 0, 0ty - t_q]7T.
Hence, by assuming sufficiently large N and (12), the noise
matrix G, having the Toeplitz structure, is approximated
by a circulant matrix whose first column is given by g =
[g(O),g(T), U ,g(mT),O, e ,O,g(—mT), T ’g(_T)]T

(0 < m < [N/2 —1]). In this paper, we assume the
relationship of m = [N/2 — 1]. This allows us to factorize
G based on the FFT as follows:

G~ Q'wQ, (22)

where we have ¥ = diag[tg, - ,¥n_1] € RY*N, whose
diagonal entries are given by the FFT of g.

Under the assumption of 1/(1 + 3) < 7 < 1, the upper
bound of mutual information 7(x;r) is approximated by

(me)N |IE[rrHHdet

I(x;r) < log (23)
2 (re)N [E[nm™]] g,
|GR.GI + NG|
~ log det (24)
2 |N0G|det
1
= logy |In + —G.R,GHG™! (25)
NO det
1
~ log, |Ix + —G.R,.GEQ"®1Q (26)
NO det
1
= log, Iy + —Q"OQR,Q"0"¥'q| (7
NO det
1
= log, [Iy + — ¥ 2OQR, Q707w 3| |
No det
(28)
where the relationships of |A|;} = |[A7! e and [In +

ABlget = [In + BA|qgct are exploited.

Then, according to Hadamard’s inequality [17,19], the
upper bound of the approximated mutual information (28)
is maximized when ¥~ 2OQR,Q7@®7¥~3 is a diagonal
matrix, i.e., when QR,Q is a diagonal matrix. By letting

I = diag[yo, - ,7v_1] € RV*Y be a real-valued diagonal
matrix, (28) is maximized when the following equality holds:
QR.Q" = olT (29)

R, = 0!Q"TQ (30)

o x = QHTzs, (31)

where we assume E[ss/] = ¢2Iy. Hence, the precoding

matrix to be optimized is rewritten by
P = QYr: (32)

By substituting (31) into (28), the upper bound of the approx-
imated mutual information is maximized as follows:

2
I(x;y) < log, |Iy + 2 @~ :@re" ¥ * (33)
NO det
N—-1 0_2
= log, <1 + Z\;Wkﬁiibkl) . (34)
k=0 0

B. Optimal Power Allocation

The coefficients 7, are optimized to maximize the r.h.s of
(34) based on the Lagrange multiplier method. The transmit
energy of the CP-added symbols x, = A,Q7Tzs is
calculated by [14]

E =E [x; GN+20Xop) (35)
= Eltr{x G n120Xep}] (36)
= E[tr{G N 20%epXlp }] 37)
= t1{Gn12, A QT EssITZQAT}  (38)
= 02tr{GNn4+2,AQ TQAL (39)
= o2tr{TQAL Gn 12, A5 Q} (40)
= o2tr{T'®} (41)
N—-1
=02 > Yo, (42)
k=0
where
® = QAL Gr12,A,Q", (43)



and Gpyio, € RWV+20)x(N+2v)  represents  the
Toeplitz matrix whose first row and first column
are given by [g(0),9(-T),--- ,g(=(N + 2v)T)] and

[9(0),9(T),--- ,g((N + 2v)T)]T, respectively. Moreover,
¢, rtepresents the kth diagonal element of ®,! and tr{-}
represents the trace operation. If the precoding matrix be

P = Iy, the average transmit energy is given by [14]
E = NoZ. (44)

To maintain the transmit energy per block to be unchanged
regardless of P, the energy constraint of £ = No? is imposed.
With (44) and (42), we arrive at the energy constraint of

N1
Z Topr = N
k=0

With (34) and (45), the Lagrange function is formulated by

(45)

N-1 N—-1
T = log, (1+ bty >— (Z%%-N),
k=0 k=0

(46)

where « is the Lagrange multiplier. To maximize (46), the
following problem is solved [12]:

oJ
— =0, subject to y; > 0. A7
Yk
Finally, the optimal coefficients ~; are given by
1 YeNo
= — ,07, 48
T T ax <O<¢k- In2 602 (48)

which is calculated in the same manner as the classic water-
filling algorithm [14,20].

C. Detection Algorithm

In this section, the detection algorithm of the proposed
FFT-spread FTN signaling scheme is presented. Let us set
the weight matrix at the receiver to W = Q, and then the
approximated received block is rewritten by

rs ~ QG.x + Qn (49)
= QQ7eQQ T:s + 7, (50)
— OI'%s + 1, (51)

where 717 = Qn. The covariance matrix of the noise compo-
nents 7)q is approximately calculated by

E[ngnl’] = QEmn™1Q" (52)
= NoQGQ” (53)
~ NoQQ"wQQ" (54)
= NyW. (55)

'Note that & is calculated offline since the matrices Q, A, and Gy oy
do not include channel state information (CSI), hence known in advance of
transmission.

As shown in (51) and (55), the received block and the
noise correlation matrix are approximately diagonalized. This
allows us to carry out efficient sub-optimal symbol-by-symbol
demodulation while reducing the effects of the correlated
noises.

In the proposed FFT-spread FTN signaling, the matrix G
is approximated by Q7 WQ, where the approximation may
cause the ill-conditioned problem for around the boundary of
7 = 1/(1 + B). Our extensive simulations revealed that for
7 =1/(140), the approximated eigenvalues may be negative,
depending on m. To avoid this, in this paper, we impose further
limitation on the packing ratio 7, i.e., 1/(1+8)+d < 7 < 1, to
ensure all the positive eigenvalues, where § € R is a predefined
small value. In our simulations, § was set as 0.02.

In our proposed FFT-spread FTN signaling with optimal
power allocation, the eigenvalues 6y and ¢; are the FFT
coefficients, while the multiplications of the precoding matrix
P=Q" I'z and the weighting matrix W = Q are efficiently
computed by the IFFT and FFT, respectively. Furthermore, the
power allocation coefficients (48) are computed by the order
of O(N). Thus, the computational complexity of the proposed
FFT-spread FTN transceiver is given by O(N log N).

ITI. SIMULATION RESULTS

In this section, we provide the simulation results to in-
vestigate the BER performance of the proposed FFT-spread
FTN signaling scheme. We considered the frequency-selective
Rayleigh block fading channel with the L-tap, and the channel
coefficients h; were randomly generated according to the
complex-valued Gaussian distribution of CA(0,1/L). The
basic system parameters of N = 1024 and S = 0.25 were
set throughout the simulations.

In our BER calculations, we considered the three-stage
serially-concatenated turbo coding architecture of [14], where
the half-rate recursive systematic coding (RSC) encoder hav-
ing the constraint length of 2 and octal generator polynomial
(3,2) was employed as the outer encoder, while the unity
rate coding encoder was used as the inner encoder [21]. The
number of outer decoding iteration and that of inner decoding
iteration were set to 40 and 2, respectively [14]. Moreover,
the target interleaver length was set to around 200000 bits.>
Similar to conventional EVD-precoded FTN signaling [14],
the log-likelihood ratio (LLR) of the received symbols is
efficiently calculated since the equivalent channel matrix and
the noise covariance matrix are approximately diagonalized.

The transmission rate of the proposed half-rate turbo-
encoded FFT-spread FTN signaling system is given by

N-1

1 1
- > by, [bps/Hz],(56)
k=0

1
2 2W(1+8) (N+2v)rT

Rt ==
where the coefficient 1/2 represents the coding rate of the
RSC code, and by denotes the number of bits assigned onto

2Similar to [14], multiple transmit blocks having the N symbols were
concatenated by ignoring the detrimental IBI effects for simplicity.
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Fig. 2. BER performance of the proposed FTN signaling scheme with optimal
power allocation. The roll-off factor was fixed to 5 = 0.25, while the packing
ratio was given by 7 = 0.9 and 0.82. The other system parameters were set
to N = 1024, L = 20, and v = 30, and the target transmission rate was set
to R = 1 and 2.

the kth symbol. The part of the symbols is deactivated when
the associated power allocation coefficients were vy, = 0 as
an optimization result of (48). Hence, the number of bits by,
change depending on CSI to maintain the target transmission
rate, which is referred to as bit-loading in this paper.?

Fig. 2 shows the BERs of the three-stage turbo-coded FFT-
spread FTN signaling scheme with optimal power allocation,
where the packing ratio was given by 7 = 0.9 and 0.82, and
other system parameters were given by L = 20, and v = 30.
The target transmission rate was set to R = 1 and 2. For
comparison, the BER curves of Nyquist signaling counterpart
(t = 1) employing the same RRC shaping filter were plotted,
where we set 2v = L = 20 [22,23]. Observe in Fig. 2
that the proposed scheme achieved better BER performance
than its Nyquist signaling counterpart, and the proposed FTN
scheme with 7 = 0.82 achieved the best BER performance.
More specifically, upon increasing the target transmission rate
from R, = 1 to 2, the performance advantage of the proposed
scheme with 7 = 0.82 over the Nyquist signaling counterpart
increased from 1.2 dB to 1.8 dB.

Fig. 3 shows the BERs of the proposed schemes with and
without optimal power allocation. For the proposed scheme
without power allocation, we set v, =1 (k=0,--- ,N — 1)
which dispenses with CSI for precoding, unlike the proposed

3In our simulations, binary phase-shift keying (BPSK) was used for all
the activated symbols. Then, quadrature PSK (QPSK) was used to replace
the BPSK-modulated symbols from the first activated symbol to the last
one until the target transmission rate was achieved. The same operation was
repeated using 16-point quadrature amplitude modulation (QAM), 64-QAM,
256-QAM, and 1024-QAM until the target transmission rate was achieved.
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Fig. 3. BER performance of the proposed FTN signaling schemes with and
without optimal power allocation. The system parameters were set to 5 =
0.25, 7 = 0.9, N = 1024, L = 20, and v = 30. The target transmission
rate was set to Ry = 1 and 2.

scheme with power allocation. This implies that the proposed
scheme without power allocation is the open-loop system,
while the proposed scheme with power allocation is the closed-
loop one. The packing ratio was set to 7 = 0.9, and other
system parameters were the same as those used in Fig. 2. As
shown in Fig. 3, our optimal power allocation allows us to
have the better BER performance, where the gap decreased
upon increasing the transmission rate. More specifically, the
gaps were 0.9 dB and 0.4 dB for R, = 1 and 2, respectively.

Furthermore, Fig. 4 shows the BER comparisons between
the proposed scheme with and without optimal power alloca-
tion, the EVD-precoded FTN signaling scheme with optimal
power allocation [14], and the open-loop SoD-FDE-aided FTN
signaling scheme with soft cancellation [10]. Note that the
computational complexity in the proposed scheme is as low as
O(N log N), while those of the EVD-precoded FTN signaling
scheme and the open-loop SoD-FDE-aided FTN signaling
scheme with soft cancellation are O(N?) and O(N?), respec-
tively. The system parameters were set to 7 = 0.82, L = 20,
and v = 30. The target transmission rate was set to R, = 0.461
for each scheme. In Fig. 4, it was observed that the proposed
scheme with optimal power allocation outperformed two other
open-loop schemes, i.e., SoD-FDE-aided unprecoded FTN
signaling scheme [10] and the proposed FTN scheme without
power allocation, where the associated performance gaps were
2.1 dB and 3.2 dB, respectively. Naturally, the EVD-precoded
FTN signaling with optimal power allocation [14] exhibited
the best performance owing to the optimality in terms of an
achievable information rate, which is achieved at the cost
of prohibitively high computational complexity. The penalty
of the proposed scheme with optimal power allocation over
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Fig. 4. BER comparisons between the proposed FTN signaling schemes
with and without optimal power allocation, the EVD-precoded FTN signaling
scheme with optimal power allocation [14], and the open-loop SoD-FDE-aided
FTN signaling scheme with soft cancellation [10]. The system parameters
were set to # = 0.25, 7 = 0.82, N = 1024, L = 20, v = 30, and
R = 0.461.

the EVD-precoded FTN signaling scheme with optimal power
allocation [14] is imposed due to the circulant matrix approxi-
mation and the power penalty caused by the CP insertion. Note
that a sufficiently long guard interval has to be added for the
EVD-precoded FTN signaling benchmark [14] to eliminate the
detrimental IBI effects, while it was ignored in our simulations.

IV. CONCLUSIONS

In this paper, we proposed the novel reduced-complexity
FFT-spread FTN signaling with optimal power allocation for a
frequency-selective fading channel. Under the circulant matrix
approximation of the equivalent channel matrix and the noise
covariance matrix, the approximated information rate of the
proposed scheme was formulated. Then, the optimal power
allocation coefficients were derived by maximizing the approx-
imated information rate. Our simulation results demonstrated
that the proposed FTN signaling scheme achieved the BER
performance close to the EVD-precoded FTN signaling bound,
which is optimal in terms of an information rate while reducing
the transceiver’s computational complexity imposed by the
calculations of precoding and weighting matrices.
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